Let a\,..., ad be a basis of the Lie algebra g of a connected Lie group G and let M be a Lie subgroup of,G. If dx is a non-zero positive quasi-invariant regular Borel measure on the homogeneous space X = G/M and S : X x G -> C i s a continuous cocycle, then under a rather weak condition on dx and S there exists in a natural way a (weakly*)
Introduction
We analyze Gaussian bounds for the heat kernel of the semigroup generated by a strongly elliptic operator on a homogeneous space. Gaussian estimates for kernels associated to various kinds of semigroup generators have been deduced, amongst others, for second-order elliptic operators on domains in K", by Davies [3] ; for the Laplace-Beltrami operator on complete Riemannian manifolds by Li and Yau in [11] ; for the Laplace-Beltrami operator on a complete Riemannian manifold with nonnegative Ricci curvature by Davies [3] and Grigor'yan [8] ; on a non-compact manifold with Ricci curvature bounded from below by Grigor'yan [8] ; for subelliptic operators which are sums of squares of Hormander vector fields on compact manifolds endowed with a Radon measure by Jerison and Sanchez-Calle [9] ; for weighted subcoercive operators on a Lie group [5] and for strongly elliptic operators on a homogeneous space G/M, with G unimodular and M compact, endowed with the G-invariant measure on G/M [6] ; for elliptic operators on Lie groups using Harnack inequalities by Varopoulos in [18] ; for sublaplacians on nilmanifolds and homogeneous spaces X = G/M with G and M unimodular by Maheux [14] ; for elliptic operators on amenable Lie groups and certain homogeneous spaces by Lohoue and Mustapha in [12] ; for elliptic operators on Euclidean spaces by Aronson [2] . Our aim is to deduce Gaussian estimates for the heat kernel associated to a strongly elliptic operator on a general homogeneous space G/M endowed with a non-zero positive quasi-invariant regular Borel measure. The strongly elliptic operators are affiliated to the natural representation corresponding to this quasi-invariant measure, a continuous cocycle S : X x G -» C and translations. Note that the Lie groups G and M need not be unimodular and M is allowed to be disconnected but still a-compact. Further note that the class of operators and the class of representations considered in this paper are quite large. The Radon measures considered in [9] are replaced by quasi-invariant measures in this paper.
If K is the heat kernel of the semigroup generated by the Laplace-Beltrami operator on a complete non-compact Riemannian manifold X with Ricci curvature bounded from below then Grigor'yan proved that there exist a, b, u> > 0 such that ' uniformly for all x, y e X and t > 0, where d denotes the Riemannian metric on X and N is the dimension of X (see, for example, [8, page 445] and [11] ). On the other hand, in [6] we derived Gaussian bounds for the heat kernel K of the semigroup generated by an n-th order strongly elliptic operator affiliated to the left regular representation of a unimodular Lie group G in a homogeneous space X = G/M, with M compact, endowed with the G-invariant measure on X. More precisely, there exist a, b, a> > 0 such that (2) Mx;y)\ < a r "/« e M e -weo->"r-')"<~1> uniformly for all x, y e X and t > 0, where d is the path distance on X associated to the vector fields induced by the left regular representation of G on X and N is the dimension of X. In this paper we drop the assumptions on G and M and (therefore also) the G-invariance of the measure on X (see also [12] ). For the sublaplacian on homogeneous spaces X = G/M with G and M unimodular, similar Gaussian bounds were derived in [14] . Let dx be a quasi-invariant measure on X. Under a rather weak condition on the measure dx there is a continuous representation of G in L 2 (X;dx), which can be extended to all the L p -spaces. In the main theorem of this paper we [3] Heat kernels on homogeneous spaces 111
prove that the semigroup generated by an rc-th order strongly elliptic operator has a heat kernel K and there exist a,b,co > 0 such that (B(x; l) )Vol x (B(y; 1)))"
1/2 g -*WCx;,)"r')"<-> uniformly for all x, y e X and t > 0, where d denotes the path distance on X associated to the vector fields induced by the left regular representation of G on X, N is the dimension of X, B(x; 1) is the d-ball with center x and radius 1 and the volumes are with respect to the quasi-invariant measure dx. Compare these upper bounds with the kernel estimates deduced in [12, 14] . In general, the volume factor in (3) is necessary and bounds of the form (2) are not valid in general. There already exist examples of quasi-invariant measures dx on K for which (2) does not hold whereas (3) is still valid. Alternatively, the bounds (3) are in general sharper than the bounds in the situation of (2). Note that one has an exponent -1/2 in the volume factor, even for n-th order operators, as in the upper bounds (1) of Grigor'yan and Li and Yau. The infinitesimal generators associated to the continuous representation are sums of a vector field and a potential. The potential is caused by the quasi-invariance of the measure dx on X and the cocycle 5.
The proof of (3) for the Laplacian is via a Nash inequality and for higher order operators with the aid of a reduction formula. The Nash inequality, which we deduce in Section 4 via a Young inequality, involves a quotient between r N and the volume of balls of radius r, where N denotes the dimension of X again. In Section 3 we deduce a scaling property which determines this quotient. The reduction procedure to obtain the Gaussian bounds (3) for all (higher) order operators is established in Section 5. Moreover, we deduce Gaussian bounds and reduction formulas for all derivatives of the heat kernel K.
Preliminary notation and main results
In this section we introduce some preliminary notation and conditions which ensure the existence of nice representations and reduced heat kernels. We also state the main results of the paper. The results of this section are from [16, Chapter 2] .
Throughout this paper let G be a d-dimensional connected (possibly non-unimodular) Lie group with (left) Haar measure dg and modular function A c and M a <i w -dimensional Lie subgroup with (left) Haar measure dm and modular function A M . Note that G and M are both closed (possibly non-unimodular) a -compact topological use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700015597 groups, and that M is not necessarily connected. Consider the homogeneous space X = G/M. For all g € G we denote by g the left coset gM. Let dx = dg be a cr-finite quasi-invariant non-zero regular Borel measure on X, that is, dx has the same null sets as all the left translates of dx. If X is compact then dx is a finite measure.
By the Radon-Nikodym theorem, there exists a function R : X x G -*• (0, oo) such that for each g e G the function x i-> /?(*, g) is Borel measurable, for all cp e C C (X) the function x y-+ <p(x)R(x, g) belongs to L\{X\dx), and,
Jx Jx
In the sequel we only consider quasi-invariant measures dx for which there exists a continuous function /? : X x G -> (0, oo) such that
Jx Jx for all g e G and (p e C C (X). For each g e G, the function x i->-/?(;c, g) is bounded from above and bounded away from 0 on compacta in X, and hence the right-hand side of (4) makes sense for all <p e C C (X). Then it follows that
for all x e X and g, h e G, and therefore R(x, e) = 1 for all x e X. The relations (5) mean that R is a cocycle. Let a\, . . . , a A be a fixed basis of the Lie algebra g of G such that a\,..., a du is a basis for the Lie algebra m o f M . The modulus | • | on the Lie group G is defined by where the infimum is taken over the set of all absolutely continuous paths In order to construct continuous representations leaving all L p -spaces invariant, and to define reduced heat kernels, in the sequel we demand R to satisfy the following condition. [5] Heat kernels on homogeneous spaces 113
There exists a C R > 1 such that
for all x e X and g e B u Throughout this paper, let C R be the constant as in (6) . Clearly, (6) is valid if X is compact. It is easy to show that there exist C, r] > 0 such that
[gl for all x e X and g e G.
The following lemma will be used frequently in this paper.
LEMMA 2.1. If g e G and <p : X -> C is a measurable function then the following conditions are equivalent:
Moreover, if one of the three conditions is satisfied then (4) is valid.
PROOF. The lemma follows from (4), (7) and approximation.
•
The following two lemmas play a key role in this paper. For proofs we refer to [ Let S : X x G -> C be a continuous cocycle, that is, S(x, gh) -S(hx, g) S(x, h) and S(x, e) = 1 for all g, h e G and x e X. Throughout this paper, we assume that there is a C s > 1 such that
for all JC € X and g e B\. Note the similarity between S and R. There exist C , n' > 0 such that
for all x e X and g e G. By (7), (12) Let n 6 N be even, and for all ce e J (d), with |a| < n, let c a e C. We consider the operator H = ^. a€ j ( (X\dx) . _ In order to show that the semigroup S = S, generated by H has a continuous heat kernel K : X x X -> C we need some preparation. The following lemma will be applied several times in this paper. (18) for all k e G. Let /: € G. It is clear that
for all m 6 M. Therefore, for all m 6 M. It follows that 
for all g e G and t > 0. So, by Lemma 2.5 (I)-(II), one can define, for all t > 0, the function K, : X x X -> C by (22) *,(£;£)= for all j , t e G . We call the function K, the reduced heat kernel of the semigroup S = S, because of the following identity.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700015597 [10] PROPOSITION 2.6. Ifp e [1, oo] , <p e L p (X;dx) and t > 0, then
PROOF. Let xj/, <p e C C (X) and t > 0. Then
Since U is a continuous representation in L 2 (X;dx), it follows from the CauchySchwartz inequality that there are C > 1 and r) > 0 such that
K,(gW(x)(U(g)<p)(x)
for all g e G. So, it follows from (21) that
I [ K,(

JG Jx
Then Fubini's theorem gives 
\S(k,gk~l)\ < C
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700015597
[11]
Heat kernels on homogeneous spaces 119 for all g, k e G. Hence, it follows from (21) that the function belongs to L, (G; p dg) for all g e G. Then (9) and (23) give
for all t > 0 and <p, f e C C (X). (24) is valid for all cp e L p (X;dx) and \j/ 6 L q {X\dx), where p~l + q~x = 1, and the proof of the proposition is complete.
The function t \-+ K,(X\ y)
, with x, y e X fixed, extends to a holomorphic function, since 5 = 5, is holomorphic (see also [1, Theorem 3.1]). Now, we discuss the regularity of the reduced heat kernel K,. We need some notation. Consider the contragredient representation of U in each L p (X;dx) defined by 
for all g,k€ G.
for all <p 6 Loo(X; dx) and g 6 G. Let B, = d V(a,) denote the infinitesimal generator of the one parameter group t H-> V(exp(-ra,)) in LooiX^dx). Consider the metric
for all x,y e X, where Ci, ;00 (X) denotes the space of all infinitely differentiable functions on X with uniformly bounded derivatives. Introduce the balls B(x; r) = {y e X : d(x; y) < r) for all x e X and r > 0. Now we are able to state the main result of this paper. (11) . Let H be an n-th order strongly elliptic operator associated to U, given by (13) for all x, y e X and t > 0.
THEOREM 2.8. Let X = G/M be a homogeneous space with G a connected Lie group and M a Lie subgroup. Suppose that R is continuous and satisfies (6). Further suppose that S is continuous and satisfies
The reduction formulas for the heat kernel and all its derivatives, in the first and second variable, given by (25), are an essential part in the proof of the main Theorem 2.8 given in Section 5.
A local scaling property of the volume
We aim to show that condition (6) implies a local scaling property of the volume of the balls B e x with x e X and e e (0, 1]. More precisely, we deduce the following proposition. See also [16, Chapter 3] and [14] . PROPOSITION for all e e (0, e 0 ] and x e X. But then it is obvious that
uniformly for all x e X and e e (£ 0 , 1]> and (27) holds.
Step 2. In this step we scale the basis a\, ..., a d for the sake of convenience.
Without loss of generality, we may assume the following.
• The Baker-Campbell-Hausdorff formula is valid (convergent) on /?2oo> the exponential map is a real analytic diffeomorphism from /?6oo onto B6oo and use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700015597
Step 3. In this step we show that Step 6. In this step our goal is to derive the following convexity result. • use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700015597
for all h e G, since h >-*• f M l B)ig (hm) p(hm)~l dm is right M-invariant. Finally, note that h K> l Blcg (h) p(h)~x belongs to L\(G;pdg),
LEMMA 3.3. If ^ is a connected component of M H g^B-^g
[21]
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g'^B-mg be the absolutely continuous path defined by y(t) = <S>(tv + (l -t)u) for all
. Similarly, making p smaller again, if necessary, but still independent of g, one can show that and the proof of the corollary is complete.
Step 8. Let n c (M n g" 
PROOF. It follows from Lemma 3. and the lower bound in (48) follows. So, Statement (I) is proved. Moreover, together with the upper bound of (48), the lower bound in (50) implies that Then the upper bound of (49) is a consequence of Lemma 3.3, and Statement (II) follows immediately, because the lower bound of (49) is trivial.
Step 9. In this step we derive a homothetic contraction result which is inspired by [ It follows from (51) and (52) 
A Nash inequality
In order to derive kernel bounds for the Laplacian in Section 5 we first need to establish a Nash inequality which we deduce in this section Now we are able to derive the desired Nash inequality.
Kernel bounds
We apply the Nash inequality of Section 4 and the local scaling property of the volume of Section 3 to derive heat kernel upper bounds for higher order strongly elliptic operators. The results are from [ use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700015597
